OPTIMIZATION OF ENERGY RELEASE IN A RADIAL HEAT
EXCHANGER
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The variational problem of determining the normalized field of energy release,
for which the power consumption for pumping the coolant is minimum, is solved for
a one-dimensional model of the fluid motion.

The high-potential indicators of heat exchangers of the radial type (the functional
diagram is shown in Fig. 1) are based on the combination of the advantages of the energy
releasing medium in the form of a layer of monodispersed particles and the advantages of
_lateral inflow of the coolant [1-4]. Devices of this type can be used in the chemical
industry and in power and heat engineering [1-8]. Their extensive possible applications
" and the expected high efficiency make them the most promising apparatus of this type.

The optimization problem was formulated as follows. For fixed parameters T,, Py, and
Tr, and nominal power from the region of admissable energy release distributions a distri-
bution such that for self-similar profiles of the mass rate of filtering and energy release
the power consumption for pumping the coolant is minimum (the dimensions of the channel have
an upper limit). Thermodynamic similarity is a condition for optimal heat extraction [4]1;
it combines inseparably into one problem the problem of searching for optimal energy re-
lease and the problem of determining the areas of the distributing and output channels.
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Fig. 1. Functional diagram of a heat ex-
changer of the radial type with a cylindri-
cal system of coordinates for describing
thermohydrodynamic processes: 1, 2) dis-
tribution and outflow channels; 3) dis-
placing rod; 4) surrounding gratings; 5)
housing (shell); 6) fuel layer.

Institute of Nuclear Power, Academy of Sciences of the Belorussian SSR, Minsk. Trans=

lated from Inzhenerno-Fizicheskii Zhurnal, Vol. 53, No. 6, pp. 897-905, December, 1987.
Original article submitted February 5, 1987.

1374 0022-0841/87/5306-1374$12.50 © 1988 Plenum Publishing Corporation



In solving the problem we ignore molecular transfer, radiation transfer, the inertial
forces of the flow in the layer, heating of the coolant as a result of dissipation, and pres-
sure losses in the enclosing gratings. We shall model the energy release in the particles of
the medium by internal heat sources concentrated in the liquid, and we shall assume that it
is constant over the thickness of the layer (qy = qy(x)). We describe the dependences of the
coolent density on the thermodynamic parameters by the Boussinesq approximation:
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Because the refractive index of the dense fill is an exponential function of its resistance
{9] the flow in the fuel layer will be predominantly transverse. Adding to this the fact
that the energy release profile need not be calculated with high accuracy, we are fully
justified in using one-dimensional equations of thermohydrodynamics for an apparatus of the

radial type:
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The derivation of these equations is based on the assumption of a strictly radial flow of
liquid in the layer [4]. The known quantities are Q, G4 L, Ry,25 dy Pos. To, (A/D)l’z, £,
By,,» N7, N¥.

We showed previously that for a quadratic law for the resistance of the channels (gl 2
is independent of the parameters of the flow) in the apparatus the condition of optimal
heat extraction is preserved also when the apparatus operates on partial loads. This flow
regime is realized in channels with artificial roughness of the wetted surfaces [10]. The
coefficients €1,z and the minimum value of the coolant flow rate for which self-similarity
of the fluid flow in the apparatus is realized [10] were determined for tapered distributing
and expanding output channels:

B0 = 0,145 (A/D)]" 377 ;

Gy = sup (”—F) [10 %% (5,27 — 0,351g 100y 5)].
D 10,0z

The further calculations will be based on these formulas.
The optimization problem mathematically reduces to finding the functions qg(x), Fy,2(x)
that minimize the functional
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with a nonholonomic constraint (the equations of dynamic matching [11])
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and the restrictions
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vx€l0; L), BiZFi(0)>0; yx€(0; L, By>Fa(x)>0;
G'JGy = g/Q. (8)

With the help of the relation (8) we transform from:the unkown function 4y to the

quantity g = G/G, and introduce the longitudinal dimensionless coordinate x %' /L. From

Egs. (1)-(4) we determine the power consumption per unit length for pumping the coolant
through the layer and the pressure drop AP under conditions of thermchydrodynamic similarity

(8):
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Next we represent the integrand in (5) and the terms in Egs. (6) explicitly in terms of the
unknowns g, £, , = Fy, 2/B1,,, using for this (1)-(3), (8), and (9). We introduce the
penalty functions:
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They enable avoiding restrictions of the type expressed by the inequalities (7). The
variational problem is thereby greatly simplified, in spite of the increase in the number of
unknowns and the appearance of an additional nonholonomic constraint (11).

We shall search for g, z, and y, , amongst the classical set of admissable functions.
The linearity of the expressions (5) and (6) as a function of g', z', and yi,» shows that
this set is closed. Here the method of Lagrange multipliers can be used to solve the problem
without introducing corrections into Euler's equations [12]. Following this method, we
construct the auxiliary functional, whose integrand will have the form
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Carrying out the standard calculations, we obtain the following system of Euler equa-
tions for the function g, z, f; ,20 Mg
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We eliminate from Egs. (13) (17) the unknowns A; , and their derivatives, and we put
the system into the form y = f, (Y, Y13 «+e3 YN)s. which is convenient for solving on a

computer. We shall describe cruc1al aspects of this mathematical operation. We solve the
equations (15) and (16) algebraically for A, and A;', as a result of which we obtain
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In an analogous manner we find A,' from Eq. (14):
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Here

(19), and (21) Eq. (13) can be put into the form
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Comparing the equalities (18) and (19) we establish a relationship between ¢ and v: ¢
to fi,,) equation

according to (17)-(19), it can be represented in an expanded form by the linear (with respect
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Keeping in mind the restriction on the range of variation of the solution of the problem
(10), the equality (17), (22), and (23) can be easily put into the form
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We shall now formulate the boundary conditions. The property of continuity of the
coolant implies
gm0 =0; gl = L. (25)

We determine the values of the functions y;(0) and y,{(1) by equating to zero the first varia-
tion of the functional:

oD
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The remaining natural conditions are satisfied for any values of y,(0), y;{(1) (if (25) holds

Wy 0
0y, 7 ay,

lx=1 2

EEO) > so that we can assume that they belong to extremals.
x=0 .

The equations (24) and the boundary conditions (26) have singularities at the point
= 0 and x = 1; the variational problem must be solved cn thesegment [e; 1 — ], afterwhich
we must pass to the limit € - 0, using for this purpose spline interpolation [13].

Examining the sufficient conditions for a minimum we note that the extremely V1,25 2,
and g always satisfy the boundary conditions, and the functional itself is 1rregu1ar The
fact that the quadratic form a' 1/2 ¢"a.equals zero precludes the use of the Jaccbi and
Legendre conditions for analyzing the form of the extremum of the functional; new tests are
requ%red here. We shall determine the condition under which the sign of the second variation

of Y(Ddx is constant. To simplify the notation and for generality of the arguments we
3

represent it in the form ;

[ (¥ +oy)d
0
def
where W =""(x y); ¢, =@(% ) y=(A1,2, 41,2, 2, Q) =y=(ys, ..., yx); | =1, K.
Consider a 3K dimensional vector n = (ny, ..., nsg)s, and let the following relation
exist between the comonents of n and y:
W=y ﬂK+z::y[' 27)

We construct the image representation of the auxiliary functional:
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Expanding (28) in a Taylor series, we find §2J:
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In deriving (29) we toock into account the fact that 8J = 0; for convenience the indices in
the Kronecker § are separated with a comma. Since the relationship between ng and ngyg (see
(27)) exists over the entire set of admissible curves (and not only on the extremals)

dng' = Sng4gs the first term in (29) can then be represented as a product of variations of
functions:

8okrs,:8m; 8n; = Baxqr,: k1, On;m;. (30)
After substituting the expression (30) into (29) and simplifying the result using the
properties of a skew-symmetrix matrix, we obtain:

1
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The derivatives ng' correspond to yi ,, g', z', Ai ,3 they are determined from Euler's equa-
3

tions based on the scheme described previously (see (11), (13)-(24)). The existence of uni-
form convergence makes it possible to determine the form of the extremum with respect to the
sign of the symmetric quadratic form o'Qu: if 0'Qy = 0, then a minimum is realized on the
extremal curves; if a'Qa < 0, then a maximum is realized.

The closed system of equations (11) and (24) with the boundary conditions (25) and (26)
describes the profile, with the suspicious optimum, of energy release and the throughput sec-
tions of the channels, ensuring thermohydrodynamic similarity in the fuel layer; finally,
the solution is checked by the test derived.

In conclusion we present some results of a numerical analysis. The starting data are:
N"(x) = const < 1; Nt(x) = const > 1; Ei1,2 £ 0.07; the dimensions of the apparatus satisfy

the following restrictions:gﬂézfl;%é ELvl;K;BI (the setups are designed to operate under
1 10 2

conditions of intense outflow and inflow). The calculations show that for all these construc-

tions the optimal energy release in the layer is practically uniform (g & 1 - q¢ & Q/L); the

channel areas are described by the following functions:
frme (1—6ay) (1—x)°/° 4 da; (1 - x) + 20, (1 — 2%

/ © ,2/3
o~ (1_____17__) xWQ-%——fl—T—
exp — exp —

a, a,
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Natyrally, the energy release gy = const is not always optimal if Nt, N° # const.

NOTATION

X, r, cylindrical coordinates; I, p, T, and P, enthalpy, density, temperature, and
static pressure of the gas; V, flow velocity; G, flow rate of the gas in the channel; R;(R,),
inner (outer) radius of the fuel layer; qy(qy), volume (per unit length) energy release in
the layer; Q, thermal power of the apparatus; ¢, d, and L, porosity, diameter of the fuel
grain, and length of the layer; F, D, £, A, .channel area, the equivalent hydraulic diameter,
the coefficient of hydraulic resistance, and the height of the protuberances on the channel
walls; NT(Nt), lower (upper) boundary of the region of admissible distributions of energy
release; B is the maximum admissable value of the channel area; §, an arbitrary positive
quantity, close to zero; A;, A,, Lagrange multipliers; éi,j’ Kronecker §; *%, exponentiationj

def
=° , equality by definition. Indices: 1, parameters referring to the distributing channel;

2, parameters referring to the outflow channel; 1, 2, relations valid for both the distribu-
tion and outflow channels; O, parameters of the coolant at the input; L, parameters at the
output; a prime ' indicates differentiation with respect to the longitudinal coordinate.
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